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$X=S_{2}( \frac{\alpha}{4}, (1, \alpha))S_{2}(\frac{3+3\alpha}{4}, (1, \alpha))S_{2}(\frac{1}{4}+\alpha, (1, \alpha))$ ,
$X=S_{2}( \frac{\beta}{4}, (1, \beta))S_{2}(\frac{7+7\beta}{8}, (1, \beta))S_{2}(\frac{3+2\beta}{4}, (1, \beta))S_{2}(\frac{5+\beta}{8}, (1, \beta))$




$\omega_{1},$ $\omega_{2}>0$ $\omega=(\omega_{1}, \omega_{2})$ Hurwitz
$\zeta_{2}(s, z, \omega):=\sum_{n_{1},n_{2}=0}^{\infty}(n_{1}\omega_{1}+n_{2}\omega_{2}+z)^{-s} (z>0)$
1813 2012 149-158 149
${\rm Re}(s)>2$ $\zeta_{2}(s, z, \omega)$ $s=1,2$







1.1. (i) $S_{2}(z, (\omega_{1},\omega_{2}))=S_{2}(z, (\omega_{2}, \omega_{1}))$ .
(ii) $S_{2}(\omega_{1}+\omega_{2}-z, (\omega_{1},\omega_{2}))=S_{2}(z, (\omega_{1},\omega_{2}))^{-1}.$
(iii) ( ) $c>0$ $S_{2}(cz, (c\omega_{1}, c\omega_{2}))=S_{2}(z, (\omega_{1},\omega_{2}))$ .
(iv) ( ) $S_{2}(z+\omega_{1}, (\omega_{1},\omega_{2}))=S_{2}(z, (\omega_{1},\omega_{2}))S_{1}(z, \omega_{2})^{-1}$ . $S_{1}(z, \omega)=2\sin(\pi z/\omega)$ .
(v) $N_{1},$ $N_{2}$





$x,$ $y\in \mathbb{R},$ $\omega>0$ $S_{j}(x, y;\omega)=S_{2}(\{x\}_{j}\omega+\{y\}_{1-j}, (\omega, 1))$
$(j=0,1)$ $x\not\in \mathbb{Z}$ $\{x\}_{j}=x-[x]$ $x\in \mathbb{Z}$ $\{x\}_{j}=j$
$\tau,$ $x,$ $y\in \mathbb{R}$ $a,$ $c\in \mathbb{Z},$ $c\neq 0,$ $jv(\tau):=(c\tau+d)/\det V>$ 0 $V=(_{cd}^{ab})\in GL_{2}(\mathbb{R})$
$T_{j}(V; \tau, (x,y))=k\prod_{mod c}S_{j}(\frac{ak+ax+cy}{|c|}, -\frac{k+x}{|c|};j_{V}(\tau)) (j=0,1)$
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1. $V=(_{cd}^{ab})\in GL_{2}(\mathbb{Z}),$ $W=(\begin{array}{l}efgh\end{array})\in GL_{2}(\mathbb{R})$ $cg(ce+dg)\neq 0,$ $j_{VW}(\tau)>0,$
$j_{W}(\tau)>0$
$T_{j}(VW;\tau, (x, y))=T_{j}(V;W\tau, (x, y))T_{j}(W;\tau, (x, y)V)$ .





1.2. $T$ Dedekind-Rademacher 1
5
2
$F$ $f$ $H_{F}(f)$ $I_{F}(f)$
$f$ $F$ $P^{+}(f)=\{(\theta)|\theta\in F^{\cross}$ $\theta$ $\equiv 1$ mod $f\}$
$H_{F}(f)=I_{F}(f)/P^{+}(f)$ $v$ $F$ $\nu+1\in f$
$(\nu)$ $H_{F}(f)$ $\nu$
$\mathfrak{C}\in H_{F}(f)$




$N(\mathfrak{a})$ $\mathfrak{a}$ ${\rm Re}(s)>1$
$\zeta(s, \mathfrak{C})$ $s=1$
$\mathfrak{C}$
$X(\mathfrak{C})=\exp(-\zeta_{F}’(0, \mathfrak{C})+\zeta_{F}^{l}(0, \nu \mathfrak{C}))$
1978 [11]
[lO]






$\alpha\in F\backslash \mathbb{Q},$ $p,$ $q\in \mathbb{Q}$ ${\rm Re}(s)<0$
$s\in \mathbb{C}$
$\eta(\alpha, s,p, q)=\sum_{n=1}^{\infty}n^{\epsilon-1}\frac{e^{2\pi in(p\alpha+q)}}{1-e^{2\pi in\alpha}},$
$H_{j}(\alpha, s, (p, q))=\eta(\alpha, s, \{-p\}_{1-j}, -q)+e^{\pi is}\eta(\alpha, s, \{p\}_{j}, q)$
$(j=0,1)$ . [1, Lemmal] $H$ Lewittes
[8] Eisenstein
2.1. ${\rm Re}(s)<0$ $c>0,$ $j_{V}(\alpha)>0$ $V=(_{cd}^{ab})\in SL_{2}(\mathbb{Z})$
$j_{V}(\alpha)^{-s}H_{j}(V\alpha, s, (p, q))=H_{j}(\alpha, s, (p, q)V)+\gamma(s)Z_{j}(V;\alpha, s, (p,q))$.
$V\alpha=(a\alpha+b)/(c\alpha+d),$ $(p, q)V=(ap+cq, bp+dq),$ $\gamma(s)=(2\pi)^{1-s}e^{\pi i(s-1)/2}\Gamma(1-$
$s)^{-1},$
$Z_{j}(V; \alpha, s, (p, q))=\sum_{kmod c}\zeta_{j}(s;q+\frac{a(k+p)}{c}, -\frac{k+p}{c};j_{V}(\alpha))$
$\zeta_{j}(s;x, y;\omega)=\zeta_{2}(s, \{x\}_{j}\omega+\{y\}_{1-j}, (\omega, 1))(s\in \mathbb{C}, x, y\in \mathbb{R}, \omega>0)$
2.1 $V\in SL_{2}(\mathbb{Z})$ $V\alpha=\alpha,$ $(p, q)V\equiv(p, q)$ mod $\mathbb{Z}^{2}$
$V$
$H_{j}( \alpha, s, (p, q))=\frac{\gamma(s)}{j_{V}(\alpha)^{-s}-1}Z_{j}(V;\alpha,s, (p, q))$ (2.1)
$H$ $s=0$
Laurent :
$H_{j}( \alpha, s, (p, q))=\frac{h_{j,-1}(\alpha,(p,q))}{s}+h_{j,0}(\alpha, (p,q))+h_{j,1}(\alpha, (p, q))s+\cdots$
$\epsilon$ $F$ $>1$
$H_{j}(\alpha, (p, q))=\exp(\frac{\log\epsilon}{2\pi i}(h_{1arrow,0}(\alpha, (-p, -q))-h_{j,0}(\alpha, (p, q))))$
(2.1)
$H_{j}(\alpha, (p, q))=T_{j}(V;\alpha, (p, q))^{\log\epsilon/\log j_{V}(\alpha)}$ . (2.2)
$H$ 2.1 $H$
$V\in GL_{2}(\mathbb{Z})$
$H_{j}(V\alpha, (p, q))=H_{j}(\alpha,signj_{V}(\alpha)(p, q)V)$ (2.3)
$H$ $\mathfrak{d}_{F}$ $F$
$\mathfrak{C}\in H_{F}(f)$
$\mathfrak{b}\in \mathfrak{C}^{-1}$ $\lambda-1\in f$ $\lambda\in \mathfrak{b}$
$\alpha_{2}\alpha_{1}’-\alpha_{1}\alpha_{2}’>0,$ $\alpha_{1}’>0$ $(bf\mathfrak{d}_{F})^{-1}$ $\{\alpha_{1}, \alpha_{2}\}$
$Y_{j}(\mathfrak{C})=H_{j}(\alpha_{2}’/\alpha_{1}’ , (- tr(\lambda\alpha_{1}), tr(\lambda\alpha_{2})))$
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$z\in F$ $z’$ $z$ $tr(z)$ $z$ $\beta_{2}\beta_{1}’-$
$\beta_{1}\beta_{2}’>0,$ $\beta_{1}>0$ $(\mathfrak{b}f\mathfrak{d}_{F})^{-1}$ $\{\beta_{1}, \beta_{2}\}$
$Z_{j}(\mathfrak{C})=H_{1-j}(\beta_{2}/\beta_{1}, (- tr(\lambda\beta_{1}), tr(\lambda\beta_{2})))$
(2.3) $Y_{j}(\mathfrak{C})$ $Z_{j}(\mathfrak{C})$ $\mathfrak{b}$ $\lambda$ ,
$\mathfrak{C}$
$Y_{j}(\mathfrak{C}),$ $Z_{j}(\mathfrak{C})$
$X(\mathfrak{C})$ : $f= \min\{k\in \mathbb{Z}|k>0, \epsilon^{k}-1\in f\}$
$X(\mathfrak{C})=Y_{j}(\mathfrak{C})^{f}Z_{j}(\mathfrak{C})^{f}$ . (2.4)
$Y_{j}(\mathfrak{C})$ $Z_{j}(\mathfrak{C})$
2.2. $\mathfrak{a}$ $\mathfrak{C}$ $\{\beta, \alpha\}$ $\mathfrak{a}^{-1}f$ $\alpha\beta’-\beta\alpha’>0,$ $\beta$
$(u, v)$ $u\alpha+v\beta=1$
$(\mathfrak{C})=H_{j}(\alpha/\beta, (u,v))$ , $Z_{j}(\mathfrak{C})=H_{j}(\alpha’/\beta’, (u,v))^{-1}.$
$U(_{\beta}^{\alpha})$ $=\epsilon G$ $U\in SL_{2}(\mathbb{Z})$
$Y_{j}(\mathfrak{C})^{f}=T_{j}(U^{f};\alpha/\beta, (u, v)) , Z_{j}(\mathfrak{C})^{f}=T_{j}(U^{f};\alpha’/\beta’, (u, v))$ .
2.1. $F=\mathbb{Q}(\sqrt{5}),$ $f=(4)$ $\mathfrak{C}=(1)inH_{F}(f)$ $\epsilon=(3+\sqrt{5})/2,$ $f=3.$
2.2 $\mathfrak{a}=(1),$ $\beta=4,$ $\alpha=4\epsilon$ $(u, v)=(0,1/4),$ $U=(\begin{array}{l}3-110\end{array})$ ,
$U^{3}=(_{8-3}^{21-8})$ .
$Y_{j}(\mathfrak{C})^{3}=H_{j}(\epsilon, (0,1/4))^{3}=T_{j}(U^{3};\epsilon, (0,1/4))$





2.2. $F=\mathbb{Q}(\sqrt{21}),$ $f=((3+\sqrt{21})/2)$ $\mathfrak{C}=(1)$ in $H_{F}(f)$ $\epsilon=$
$(5+\sqrt{21})/2,$ $f=1$ . 2.2 $\mathfrak{a}=(1),$ $\beta=3,$ $\alpha=(9+\sqrt{21})/2$
$(u, v)=(0,1/3),$ $U=(\begin{array}{l}7-53-2\end{array})$ .
$( \mathfrak{C})=S_{j}(\frac{1}{3},0;\epsilon)S_{j}(\frac{2}{3}, \frac{2}{3};\epsilon)S_{j}(0, \frac{1}{3};\epsilon)$ . (2.5)
$(\mathfrak{C})=Y_{j}(\mathfrak{C})$ ( $(\mathfrak{C})$ $Z_{j}(\mathfrak{C})$ ).
2.2 $\mathfrak{b}=(1),$ $\lambda=1,$
$\alpha_{1}=(14-3\sqrt{21})/21,$ $\alpha_{2}=(-21+5\sqrt{21})/42$
$( \mathfrak{C})=S_{j}(\frac{2}{3}, \frac{1}{3};\epsilon)$ . (2.6)
(2.3)
2.1 1 (cf. $[13|)$ .
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2.1. $H$ $H$ $H$
$M(\alpha, (p, q))=\{V\in GL_{2}(\mathbb{Z})|V\alpha=\alpha, j_{V}(\alpha)>0(p, q)V\equiv(p,q)mod \mathbb{Z}^{2}\}$
$GL_{2}(Z)$ 1 :
$\tau_{j(V;\alpha},$ $(p, q))^{\log\epsilon/\log j_{V}(\alpha)}$ $V\in M(\alpha, (p, q))\backslash \{E\}$ $E$
$H_{j}(\alpha, (p, q))$ (2.2) $V$
(2.3) 1
2.2
$\mathfrak{C}$ $cf$ $F$ $F$ $c$
$R_{0}(\mathfrak{C})=\{z=x\epsilon+y\in(cf)^{-1}|x,y\in \mathbb{Q},0\leq x<1(z)cf=\mathfrak{C}inH_{F}(f)’ 0<y\leq 1, \}$
0 $\leq x<1$ ,0 $<$ y $\leq$ l 0 $<x\leq 1,0\leq y<1$
$R_{1}(C)$












$\prod_{z\in R_{j}(\mathfrak{C})}S_{2}(z, (\epsilon, 1))=Y_{j}(\mathfrak{C})^{f}, \prod_{z\in R_{j}(\not\subset)}S_{2}(z’, (\epsilon’, 1))=Z_{j}(\mathfrak{C})^{f}.$
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Rj $(\mathfrak{C})$ $\mathfrak{a}\in \mathfrak{C}$
$C$ $cf=(\gamma)\mathfrak{a}$ $F$
$\gamma$ $F$
$\{\alpha, \beta\}$ : $\mathbb{Z}\alpha+\mathbb{Z}\beta=\mathfrak{a}^{-1}f=(\gamma)c^{-1},$ $\alpha\beta’-\alpha’\beta>0,$ $\gamma/\beta\in \mathbb{Z},$ $\gamma/\beta>0$ .
$n=\gamma/\beta$ 2.2 $(u, v)\in \mathbb{Q}^{2}$ $U=(_{cd}^{ab})\in SL_{2}(\mathbb{Z})$
$\mathcal{C}>0$ $(u_{i}, v_{i})=(u, v)U^{i}(i=0, \ldots, f-1)$
$z_{i,k,l,m}= \{\frac{1}{n}(l+\frac{ak+au_{i}+cv_{i}}{C})\}_{j}\epsilon+\{\frac{1}{n}(m-\frac{k+u_{i}}{C})\}_{1-j}$
$(k=0, \ldots, c-1;l, m=0, \ldots, n-1)$ $z_{i,k,l,m}$ $R_{j}(C)$
$R_{j}(C)$ 1.1
$\prod_{z\in R_{j}(\mathfrak{C})}S_{2}(z, (\epsilon, 1))=\prod_{i=0}^{f-1}\prod_{k=0}^{c-1}S_{j}(\frac{ak+au_{i}+cv_{i}}{c}, -\frac{k+u_{i}}{c};\epsilon)$
$= \prod_{i=0}^{f-1}T_{j}(U;\alpha/\beta, (u_{i}, v_{i}))$ .
1
$\prod_{z\in R_{j}(\mathfrak{C})}S_{2}(z, (\epsilon, 1))=T_{j}(U^{f};\alpha/\beta, (u, v))=Y_{j}(\mathfrak{C})^{f}.$
2.3 Tangedal
(cf. [14, \S 13]) $X(C)$
$\mathfrak{C}\in H_{F}(f)$ $\mathfrak{a}$
$z,$ $\omega\in F$ $\mathbb{Z}+\mathbb{Z}\omega=(z)\mathfrak{a}^{-1}f,$ $\omega>1>\omega^{J}>0$ $\omega$
$\omega=l_{0}-\frac{1}{l_{1}-\cdots-\frac{1}{1}}$
$l_{r-1}-\overline{l_{0}-\cdots}$
$(r l_{0}, \ldots, l_{r-1} 2 )$
$[[\overline{l_{0},\ldots,l_{r-1}}]]$ $\{l_{0}, \ldots, l_{r-1}\}$ $l_{i+r}=l_{i}(i\in$
$\mathbb{Z})$ $\{l_{i}\}_{i\in \mathbb{Z}}$ $\omega_{i}=[[\overline{l_{i},\ldots,l_{i+r-1}}]](i\in \mathbb{Z})$ $\{A_{i}\}_{i\in \mathbb{Z}}$
$A_{0}=1,$ $A_{i+1}=A_{i}/\omega_{i+1}$ $i\in \mathbb{Z}$ $x_{i}A_{i-1}+y_{i}A_{i}=z$
$(x_{i}, y_{i})$ $\{(\{x_{1}\}_{j}, \{y_{1}\}_{1-j}, \omega_{1}),$
$\ldots,$
$(\{x_{fr}\}_{j}, \{y_{fr}\}_{1-j}, \omega_{fr})\}$
$(j=0,1)$ $\mathfrak{a},$ $z,$ $\omega$ $\mathfrak{C}$
$fr$
$X_{j}^{(1)}( \mathfrak{C})=\prod_{i=1}S_{j}(x_{i}, y_{i};\omega_{i}) , X_{j}^{(2)}(\mathfrak{C})=\prod_{i=1}S_{j}(x_{i}, y_{i};\omega_{i}’)$
$X(\mathfrak{C})=X_{j}^{(1)}(\mathfrak{C})X_{j}^{(2)}(C)$ (2.8)
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2.5. 2.1 $\mathfrak{a}.=(1),$ $z=4,$ $\omega=\epsilon=[[\neg 3]$ $\omega_{1}=\omega_{2}=$
$\omega_{3}=\epsilon$
$X_{j}^{(1)}( \mathfrak{C})=S_{j}(\frac{1}{4},0;\epsilon)S_{j}(\frac{3}{4}, \frac{3}{4};\epsilon)S_{j}(0, \frac{1}{4};\epsilon)$ .
1.1 $X_{j}^{(2)}(\mathfrak{C})$
2.6. 2.2 $\mathfrak{a}=(1),$ $z=3,$ $\omega=(9+\sqrt{21})/6=[\frac{3,2,2}{}]$
$\omega_{1}=[1^{2}\neg 2,3]=(9+\sqrt{21})/10,$ $\omega_{2}=[[\neg 2,3,2]=(11+\sqrt{21})/10,$ $\omega_{3}=\omega$ .
$X_{j}^{(1)}( \mathfrak{C})=S_{j}(\frac{1}{3},0;\omega_{1})S_{j}(\frac{2}{3}, \frac{2}{3};\omega_{2})S_{j}(0, \frac{1}{3};\omega_{3})$ ,
$X_{j}^{(2)}( \mathfrak{C})=S_{j}(\frac{1}{3},0;\omega_{1}’)S_{j}(\frac{2}{3}, \frac{2}{3};\omega_{2}’)S_{j}(0, \frac{1}{3};\omega_{3}’)$ .
(2.8)
1
2.4. $X_{j}^{(1)}(\mathfrak{C})=Y_{j}(\mathfrak{C})^{f},$ $X_{j}^{(2)}(\mathfrak{C})=$ $(\mathfrak{C})^{f}.$
$\alpha=\omega/z,$ $\beta=1/z$ 2.2 $(u, v)$ $U$ $(u, v)=(x0, yo),$ $U=$
$P_{t_{0}},$
$\ldots,$
$P_{l_{r-1}}$ $l\in \mathbb{Z}$ $P_{l}=(\’{i}_{0}^{-1})$
$Y_{j}(\mathfrak{C})^{f}=T_{j}(P_{l_{0}}\cdots P_{l_{fr-1}};\omega_{0}, (x_{0}, y_{0}))$ .
1
$Y_{j}( \mathfrak{C})^{f}=\prod_{i=0}^{fr-1}T_{j}(P_{l_{i}};P_{l_{i+1}}\cdots P_{l_{jr-1}}\omega_{0}, (x_{0},y_{0})P_{l_{0}}\cdots p_{i-1})$
$= \prod_{i=0}^{fr-1}T_{j}(P_{l_{i}};\omega_{i+1}, (x_{i},y_{i}))=\prod_{i=0}^{fr-1}S_{j}(x_{i+1}, y_{i+1};\omega_{i+1})$
$=X_{j}^{(1)}(\mathfrak{C})$ .
2.4
F $=\mathbb{Q}$ ( ), $f=(4),$ $\mathfrak{C}=(1)$ in $H_{F}(f)$ $X(C)$ 2.1, 2.3,
2.5
2.5. $\epsilon 0=(1+\sqrt{5})/2$
$X( \mathfrak{C})=S_{2}(\frac{1+3\epsilon_{0}^{3}}{4}, (1,\epsilon_{0}^{3}))^{2}$ (2.9)
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(2.3)
$H_{j}(\epsilon, (0,1/4))=H_{j}((_{2}^{5}:_{1}^{2})\epsilon, (0,1/4))=H_{j}(\epsilon, (1/2,1/4))$
2.1
$Y_{j}(\mathfrak{C})^{3}=H_{j}(\epsilon, (0,1/4))^{3/2}H_{j}(\epsilon, (1/2,1/4))^{3/2}=H_{j}(\epsilon/2, (0,1/4))^{3/2}.$
$H_{j}(\frac{\alpha}{N}, (p, q))=k\prod_{mod N}H_{j}(\alpha, (\frac{k+p}{N} , q))$ (2.10)
$(N\in \mathbb{Z}, N>0)$ (2.3)
$Y_{j}(\mathfrak{C})^{3}=H_{j}((_{10}^{11})(2\epsilon_{0}), (0,1/4))^{3/2}=H_{j}(2\epsilon_{0}, (3/4,0))^{3/2}.$
$-(_{11}^{34})\in M(2\epsilon 0, (3/4,0))$
$Y_{j}(\mathfrak{C})^{3}=T_{j}(-(_{11}^{34});2\epsilon_{0}, (3/4,0))=S_{j}(3/4,1/4;\epsilon_{0}^{3})$




$\epsilon_{0}-\sqrt{\epsilon_{0}}$ (cf. [9, \S 3.1], [11, \S 3.1]).
(2.9) : $\epsilon_{0}=(1+\sqrt{5})/2$
$S_{2}( \frac{1+3\epsilon_{0}^{3}}{4}, (1, \epsilon_{0}^{3}))=\sqrt{\epsilon_{0}-\sqrt{\epsilon_{0}}}.$
(2.6) (cf. [9, \S 3.3]): $\epsilon=(5+\sqrt{21})/2$
$S_{2}( \frac{1+2\epsilon}{3}, (1, \epsilon))=\sqrt{\frac{\epsilon-\sqrt{\epsilon-1}}{\epsilon+\sqrt{\epsilon-1}}}.$
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